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Heat transfer to bodies of different shapes in an infinite volume is 

examined. The existing experimental  results are analyzed. In addi- 
tion, results of an experimental  investigation of heat transfer using 

the calorimetr ic  method and the electrothermal analogy are also 

presented. 

When heat t ransfer  depends appreciably on the 
geometry of the heat-emitting body, the conditions 
correspond to values of the parameter  GrPr<104. The 
heat t ransfer  law Nu = f (GrPr)  then deviates from the 
1/4 power law. This is illustrated by the graph of Fig. 1. 

The conditions examined may occur  in practice 
either in a raref ied gas or for bodies with small charac-  
ter is t ic  dimensions (microorganisms and dust), or 
again in heat t ransfer  at small temperature  differences 
or small body forces (under weightless conditions). 
The investigations which have been conducted [1-91 
correspond in the main to this range of conditions. 
Some of the relations are  presented in Fig. 2. With 
regard to the results  of Nesenehuk for a cube, sphere,  
cylinders,  and a parallelipiped, it should be noted that 
they give an increased value of the heat t ransfer  coef- 
fieient in comparison with the repeatediy confirmed 
results  for a sphere and for cylinders. 
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Fig. 1. Experimental relations for 
heat t ransfer  in gases over a wide 
range of pressures :  1) for a sphere, 
according to Elenbaas [1]; 2) for 
vert ical  plates, according to Saund- 
ers  [2]; 3) for horizontal cylinders,  
author 's  generalization [5]: 4) the 
Lorentz relation Nu = 0.54(GrPr) 1/4. 

Analysis of the experimental results  (Figs. 1 and 2) 
permits  us to draw the following conclusions: 

1. A lessening of the role of convective heat t rans -  
fer  leads to increase of the influence of body shape on 
heat t ransfer .  For  example, the heat emission from 
spheres may be several  t imes grea te r  than that f rom 
cylinders or plates with identical charac ter i s t ic  dim- 
ensions. 

2. The strong influence of body shape forbids the 
description of heat transfer in the region of small val- 

ues of GrPr by a single relation, even with a special 

choice of characteristic dimension. 
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Fig. 2. Correlation of test data: 1) Nesenchuk 
[4]; 2) Hauser [7]; 3) Semyashkin [8]; 4) K~e ,  

Madden, and Pi re t  [9]~ 

3. The absence of published results of systematic 

experiments with bodies of different shapes makes it 

impossible to give definite recommendations.for calcu- 

lating heat transfer to bodies of complex shape. 

4. In the subsequent analysis it is convenient to use 

the known fact (see, for example, [10]) that as (GrPr-* 

0) for spheres Nu ~ 2, and for circular cylinders 

Nu --~ 0. The values Nu ~ 2 for spheres occurs even at 

Grl>r ~ 0.1. 
An attempt is made in the present paper to fill in 

the existing gap in the experimental investigations. 

The results given below are for a calorimetric study 

of heat transfer with finite vertical cylinders in vacuum, 

as well as the results of an investigation of heat trans- 

fer by the electrothermal analogy method. 

Calorimetric investigations. The experimental 

equipment described in [5] was used to investigate heat 

transfer on a series of finite cylinders with ratio 
I/d= 4 and diameters of 12, 16, 20, and 28 mm in the 

pressure range 1 ' i0-2-760 turn Hg. The temperature 

of.the specimens did not exceed i00 ~ C, while the shell 

of the vacuum chamber was kept at room temperature~ 

Thermal radiation effects were excluded on the basis 

of the results of experiments in vacuum (at a pressure 

of the order 2 �9 10 -5 mm Ilg), when molecular heat 

transfer may be neglected. 
Heat transfer on the cylinders investigated as des- 

cribed by a single relation (Fig. 3) in the range GrPr = 

= i0-~-I04, while Nu ~ const = 1.06, for GrPr < 10 -5 
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which is evidence of the absence  of a f ree  convect ion 
effect on heat  t r ans f e r~  The cy l inde r  d i a m e t e r  was 
taken as the c h a r a c t e r i s t i c  d imens ion .  The r e l a t ion  
Nu = f ( G r P r ) ,  de r ived  f rom Fig.  3 is c h a r a c t e r i s t i c  of 
heat  t r a n s f e r  with bodies  of f ini te  d imens ions  and for  
cy l inde r s  of inf ini te  length in a shel l  [5]. 

In d i m e n s i o n l e s s  form the boundary  condit ions at an 
inf ini te  d i s tance  are  

04 =0, 
- -g -  0z 

and on the su r face  
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Fig .  3. Heat t r a n s f e r  on f ini te  ve r t i ca l  cy l i nde r s  
with l / d  = 4 and t e m p e r a t u r e  d i f fe rence  At = 80 ~ C 
1) for  d =20 ram;  (2) 16; 3) 12; - -  heat  t r a n s '  
fe r  on a cy l inder  with l id  = 4 in  the absence  of 
f r ee  convect ion (from e l e c t r o - t h e r m a l  analogy 

data). 

The cons tancy  of the value of Nu is' due to two e s s e n -  
t ia l ly  different  causes :  i . e . ,  (a) the inf luence of the 
shel l  wal l s ,  leading to a l e s s e n i n g  of f ree  convect ion ,  
and (b) the approx imat ion  of the heat  t r a n s f e r  condi t -  
ions to those of pure  t h e r m a l  conduct ion in an inf ini te  
volumeo 

The combina t ion  of effects of d i f ferent  kinds makes  
ana lys i s  difficult .  On the o ther  hand,  a deta i led  quan-  
t i ta t ive  inves t iga t ion  of heat t r a n s f e r  at  sma l l  va lues  
of G r P r  for  bodies  of complex shape by the c a l o r i m e t -  
r ic  method r e q u i r e s  the c a r r y i n g  out of a l a rge  n u m b e r  
of e x p e r i m e n t s ,  the l abor  of which is  made worse  by 
the m e a s u r e m e n t  of ve ry  sma l l  heat  f luxes.  

A quant i ta t ive  ana ly s i s  is  apprec iab ly  fac i l i ta ted  by 
the r e s u l t s  of an inves t iga t ion  of heat  t r a n s f e r  by the 
e l e c t r o t h e r m a l  analogy method.  

E l e c t r o t h e r m a l  analogy.  The object  of the e xpe r i -  
menta l  inves t iga t ions  us ing the e l e c t r o t h e r m a l  analogy 
is to obtain data on heat  t r a n s f e r  in the r eg ion  of v e r y  
smal l  va lues  of G r P r .  The l im i t i ng  case  of heat  
t r a n s f e r  with G r P r  ~ 0 is pure  heat  conduct ion in an 
inf ini te  volume.  Then the t e m p e r a t u r e  f ield,  l ike any 
potent ial  f ield,  is de sc r ibed  by the Laplace  equation.  
The t r a n s f e r  condi t ions  a re  fo rmula ted  m a t h e m a t i c a l -  
ly as follows. 

In the space A 9) = 0 at an inf ini te  d i s tance  f rom the 
body sur face  

~1~=0, a~p 1 =0  ' @ ~ Oz 

on the body sur face  

(z) 

0-2% 
On = ~(x'  y,  z). (2) 

On k=~-, ,(x, y, 2). (~) 

I It  follows f rom ( l ) ,  (2), and (3) that the d i m e n s i o n -  
l e s s  g rad ien t  along the n o r m a l  is a function only of the 
geomet ry  of the sys tem.  On the o ther  hand,  

0~  il 

On q~o ~ ' 

where  i is  the local  specif ic  flux, l is a c h a r a c t e r i s t i c  
d imens ion  of the sy s t e m,  and ~ is a t r a n s f e r  coefficient .  

There fo re ,  0~= has the s igni f icance  of a local  d i m -  
On 

ens ion le s s  t r a n s f e r  coeff icient  and is the Nusse l t  n u m -  
b e r  Nu T for  heat  conduct ion and for  e l e c t r i c a l  conduct -  
ion i ts  e l e c t r i c a l  analog Nu E. F o r  ident ica l  s y s t e m  
geomet ry  

Nu~ = Nu E. 

The mean  value  

N u = l ~  ONOn- dF 
F 

is eas i ly  d e t e r m i n e d  expe r imen ta I ly ,  s ince  it may be 
expressed  in t e r m s  of the p a r a m e t e r s  of the e l ec t r i c  
c i r cu i t ,  

Nu = Il/F A V ~ = I/FR • 

The e s sence  of the expe r imen ta l  method of de t e rmin ing  
Nu l ies  in d e t e r m i n i n g  the r e s i s t a n c e  R for  a known 
e l e c t r i c a l  conductance • 

The spe c i me ns  used in the expe r imen t s  - sphe res ,  
f ini te  c y l i n d e r s ,  and f ini te  p la tes  -- were located at the 
cen t e r  of a me ta l  v e s s e l  of d imens ions  250 x 250 x 300 
m m  filled with an e l ec t ro ly te ,  an unsa tu ra t ed  solut ion 
of bor ic  acid in d i s t i l l ed  water .  

A con ta ine r  of this s ize  was chosen so that for  the 
se lec ted  spe c i me ns  (Table 1) the shel l  of the con ta ine r  
could have no apprec iab le  inf luence  on the fo rm of the 
potent ia l  f ie ld at  the spec imen  sur face .  In that case  the 
shape of the jacket  has no s ign i f icance .  

The liquid chosen as e l ec t ro ly te  should have a con-  
duct ivi ty  such that  d i f f icul t ies  in m e a s u r i n g  the e l e c t r i -  
cal  r e s i s t a n c e  by  means  of the usua l  l a b o r a t o r y  i n s t r u -  
men t s  may be avoided. This  r e q u i r e m e n t  was ful ly s a t -  
i s f ied by an aqueous solut ion of bo r i c  acid with con-  
duct ivi ty 1.047.10 .4 ohm -1 cm-lo The l a t t e r  was m e a -  
sured  before  each tes t .  

The s p e c i m e n  and the shel l  of the con ta ine r  s e rved  
as e l ec t rodes .  The r e s i s t a n c e  be tween them was m e a -  
su red  in the e x p e r i m e n t  by m e a n s  of a b r idge  supplied 
with ac power  f r o m  an af ge ne r a t o r  [11] to avoid p o l a r -  

izat ion.  The nul l  de tec to r  used was a ca thode - r ay  o s -  
c i l lograph  type SI-1. The spe c i me ns  were  chosen with 
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one fixed c h a r a c t e r i s t i c  d imens ion  (3 mm) ,  used as a 
cont ro l  d imens ion  in the ca l cu l a t i ons .  

Table  I shows data on the spec imens  and the r e s u l t s  
of m e a s u r e m e n t s  and of ca lcu la t ions  of Nu n u m b e r ,  
while Fig.  4 gives the va r i a t ion  of Nu n u m b e r  for cy l -  
i n d e r s  and pla tes  in the range  l / d =  1-20 .  The r e s u l t  
for  the sphere  is a s tandard .  F o r  the geome t r i c  d i m -  
ens ions  of the she l l  used in the tes t ,  the theore t i ca l  
value of Nu l i e s  in the range  2 .031-2 .062.  These  
quant i ta t ive  data co r r e spond  to t r a n s f e r  of heat  o r  
e l e c t r i c i t y  f rom the sphere  be ing  tes ted  to a concen-  
t r i c  shel l  with a d i a m e t e r  whose value fa l ls  be tween 
the d i a m e t e r s  of sphe re s  c i r c u m s c r i b e d  about and in -  
s c r i bed  within the con ta ine r  shell .  In the expe r imen t  
the value Nu = 2.03 �9 1.5% was obtained.  Hence it  fol-  
lows that  the condi t ions  of heat  t r a n s f e r  were  s i m u -  
la ted with an e r r o r  not exceeding 1.5%. 

Thus ,  bodies  of inf ini te  d i m e n s i o n s  of  any convex 
shape have a nonzero  n u m e r i c a l  l imi t  of Nu value  for  
f ree  convect ion.  This value is de t e rmined  not by  the 
f i lm  r e g i m e  of heat  t r a n s f e r ,  as has p rev ious ly  been 
s ta ted ,  but by heat  t r a n s f e r  in the pure  heat  conduct ion 
r eg ime .  If the s m a l l e r  l i n e a r  d imens ion  of a convex 
body is taken as the c h a r a c t e r i s t i c  va lue ,  the value of 
the p a r a m e t e r  Nu for  d i f fe rent  bodies  l ies  in the r ange  
be tween the r e l a t ions  for heat  t r a n s f e r  on a sphere  and 
a c i r c u l a r  cy l inder  of inf ini te  length. 

On the bas i s  of the expe r imen ta l  data obtained (Fig. 
4), the r e l a t i ons  Nu =f ( l / d )  for  cy l inde r s  and p la tes  of 
the shapes  examined  may be r e p r e s e n t e d  in the fo rm 

Nu = 1.58 (I/d) -tl'a'2 (4) 

for cy l i nde r s ,  and 

Nu = 2 (l/d) -~ (5) 

for  p la tes ,  with an e r r o r  not exceeding • 570. These 
f o r m u l a s  can be used for  eng inee r i ng  ca lcu la t ions  
when l /d  < 20. 

F r o m  Fig.  3 we may make a c o m p a r i s o n  of the r e -  
su l t s  of m e a s u r e m e n t  of heat t r a n s f e r  by the e a l o r i -  
m e t r i c  method and the e l e c t r o t h e r m a l  analogy method 
for  f ini te  cy l inde r s  with 1/d = 4. The fact  that  the v a l -  
ues i n c r e a s e d  by 10% on the average  for  the e x p e r i -  
ments  in vacuum may be explained by the inf luence of 

the shel l .  
In approx imate  ca lcu la t ions  fo rmu la s  (4), and (5) 

can be used with suff ic ient  a ccu racy  even at values  of 

G r P r  when the Nu n u m b e r  found f rom fo rmu la s  (4) and 
(5) is l a r g e r  than the Nu value de t e rmined  f rom the 
re l a t ion  for cy l inde r s  of inf ini te  length. 

NU- 

~8 

/z,, 

fo 1 

Fig.  4o Heat t r a n s f e r  in the absence  of 
f r ee  convect ion;  1) pla te  (d - - width, l 
- - l e n g t h ;  it  is  a s s u m e d  that  the plate  
has no th ickness ,  i . e . ,  that  the plate  
th i ckness  is  not i ts  c h a r a c t e r i s t i c  d i m -  
ens ion) ;  2) c y l i n d e r s  (d - -  cy l inde r  d ia -  

m e t e r ,  l - -  length).  

For  c y l i nde r s  and p la tes  with l /d  >> 1, and a lso  for 
o ther  shapes ,  use  may be made of the r e s u l t s  of com-  
putat ion of s teady e l e c t r i c a l  f ie lds  [12, 13]. L imi t i ng  

va lues  of Nu may  be obtained on the b a s i s  of the a n a l -  
ogy be tween  the t e m p e r a t u r e  field and the e l ec t r i c  
field in a conductor  and the e l e c t r o s t a t i c  f ield in a d i -  
e l e c t r i c ;  The value of Nu E for  an e l ec t r i c  field was 
found e a r l i e r .  In the same  way the e l e c t r o s t a t i c  a n a -  
log of the Nu n u m b e r  may  eas i ly  be d e t e r m i n e d ,  

Nues = Cd/e F; 

Table  2 shows l imi t ing  va lues  of Nu for bodies  of 
=different shapes.  Some of these  a re  a l r eady  well  known 
in the heat  t r a n s f e r  l i t e r a t u r e  [10]. The va lues  for  the 
capac i tance  of e l l ipso ids  a re  taken f r o m  [12]. T h e i r  
su r face  a r e a s  in the exp res s ion  for  Nu were  found by 

in tegra t ion .  
F o r  o t h e r  shapes ( p r i s m s ,  oval c y l i n d e r s ,  etc. ) the 

r e s u l t s  of the p r e s e n t  paper  may  be used as an es t imate~ 
In ana lyz ing  heat  t r a n s f e r  for  bodies  of complex 

shape unde r  condi t ions  c o r r e s p o n d i n g  to sma l l  va lues  
of the p a r a m e t e r  G r P r ,  it is r e a s o n a b l e  to in t roduce  
some func t ion  of the d i m e n s i o n l e s s  body shape.  In the 

Table  1 

Values  of N~ for Bodies  of Var ious  Shapes 

S p e c i m e n  

S p h e r e  

C y l i n d e r  

Plate  o f  t h i ck -  
ness  0,1 m m  

Ch a rac t e r i s t i c s  o f s p e c i m e n  

d or  
h, m m  [, mil l  F ,  m m  2 

28,3 

3 42,4 
6 71 

12 127.2 
30 297 
60 580 

19.2 
37.8 

12 75 
30 I86.6 
60 372.6 

Rx~50,ohm 

5000 

4600 
3460 
2370 
1340 

850~30 

6950 
4800 
3149 
1650 

I000• 

Nit* 

2.03 ~_0.03 

1,57 :lz 0.027 
1.25 :t: 0.021 
1,012•  
0.768• 
0.62 • 

2.I3 _9_0.09 
1.58 • 
1.22 ~ 0.026 
0.935~0.016 
0.77 • 

lg  Nu 

0.307 

0.196 
0,097 
0,005 
0.t16 
-0.207 

0.328 
0.198 
0,0865 
-0.03 
-0.114 

l/d 

I 
2 
4 

10 
20 

1 
2 
4 

10 
20 
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T a b l e  2 

L i m i t i n g  V a l u e s  of  Nu 

Shape Formula for C Formula or value for Nu 

Sphere in infinite 
volume 

Coaxial cylinders with 
diameters d and D of 
infinite length 

Circular plate 

Single cylinder of 
length l; l ) )d  

Strip of width d 
and length l; l ))d 

Cube of side d 

Elongated ellipsoid of revo- 
lution with diameter of 
equatorial section d and ec- 
centricity of meridional sec- 
tion e; 

Oblate ellipsoid of revo- 
lution with diameter of 
equatorial section d and 
eccentricity e. 

C ~ 0 . 6 5 . 4 r . e  a 

4~e de 
C= 

In 1-t-el,/" 1 ~---~ 
1 - - e - -  

2 ~  de 
C _ - z  - -  

arc sin e 

[101 

[IOl 

[101 

[131 

[121 

[121 

2 
6 

J r / - -  
d 

- - ~  2,55 

2 

In - 
d 

4l 
In 

d 

- - -  1 , 3 6  

8e 

l n l §  ( V  arc2 ine)  
"1----'-e 1--e2 + - 

4e 

l ~ e  ~ In l + e  t 
1+ e V;X---27/ 
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s i m p l e s t  case  this  will  be the ra t io  of the c h a r a c t e r -  
i s t ic  d imens ions .  

In choosing a " c h a r a c t e r i s t i c "  d imens ion  we may 
take into cons ide ra t ion  the following a rgumen t .  If the 
c h a r a c t e r i s t i c  d imens ions  of the body a re  marked ly  
d i f fe ren t ,  for  example ,  if the d imens ions  differ  by 
more  than two o r d e r s  of magni tude ,  then the inf luence 
of one of them on the heat  t r a n s f e r  wil l  be enhanced.  
Thus ,  for  cy l i nde r s ,  when the length is i n c r e a s e d  wi th-  
out bound,  i ts  inf luence  dec l ines  and b e c o m e s  neg l ig -  
ibly sma l l .  S imi l a r l y ,  for  a thin plate  of f ini te  d i m e n -  
s ions ,  an unbounded d e c r e a s e  of i ts  th ickeness  has no 
apprec iab le  effect on va r i a t ion  of heat  t r a n s f e r .  In 
e s t ima t ing  the m e a n  va lues  of the heat  t r a n s f e r  coeff i-  
c ient ,  or  in ana lyz ing  expe r imen ta l  data on heat  
t r a n s f e r  on bodies  of complex shape,  it should f i r s t  be  

es tab l i shed  which of the s i m p l e s t  shapes  ( spheres ,  
cy l i nde r  or  plate) co r r e sponds  b e s t  to the body under  
examina t ion .  As a c h a r a c t e r i s t i c  d imens ion  we may 
then take,  r e s p e c t i v e l y ,  the d i a m e t e r  of a sphe re  or  a 

cy l inde r  or  the width of a plate~ With this  choice of 
" c h a r a c t e r i s t i c "  d imens ion  it  is easy  to compare  heat  
t r a n s f e r  on the body being tes ted  with the widely known 
r e s u l t s  on heat  t r a n s f e r  for  sphe re s ,  inf ini te  cy l i nde r s ,  
and also with the r e su l t s  of the p r e s e n t  paper .  

We shal l  not conce rn  ou r se lve s  here  with the ques t -  
ion of the inf luence of t e m p e r a t u r e  jump and sl ip at 
l a rge  Knudsen n u m b e r s .  An approx imate  method of 
comput ing heat t r a n s f e r  in such condi t ions  for  bodies 
of ve ry  s imple  shape was proposed in [5]. 

NOTATION 

Nu, Gr, P r  a re  the Nusse l t ,  Grasho[ ,  and P r a nd t l  
n u m b e r s :  • is the potent ia l  function; n is the c oo r d i -  
nate along n o r m a l  to sur face ;  I is the c u r r e n t ;  l is the 
c h a r a c t e r i s t i c  d imens ion  of body: F is the spec imen  

surface area: C is the capacity of body in an infinite 
volume: e is the dielectric constant of medium sur -  
rounding body; d is the characterist ic dimension. 
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